Recent experimental realization of synthetic spin-orbit coupling (SOC) in cold atomic gases provides unprecedented opportunities for the study of topological matter [1] [2] [3] [4] [5] [6] [7] . With highly-tunable parameters, cold atomic gases not only serve as perfect simulators for topological phases such as topological superconductors or Weyl semimetals, but also offer opportunities for the creation of novel topological matter with no counterparts in solids [8] [9] [10] [11] [12] . An exciting experimental progress of late is the realization of synthetic SOC in Raman lattices [13] . The combination of lattice potential and SOC greatly extends the tunability of cold atoms, which paves the way for more exotic topological phenomena and has therefore stimulated extensive theoretical and experimental studies [14] [15] [16] . A fundamental issue here is the characterization of two-body scattering and other few-body processes of the Bloch states, which would shed light on the understanding and control of many-body dynamics for atoms in spin-orbit-coupled lattices. Whereas few-body physics in spin-orbit coupled optical lattices has rarely been discussed before, in light of recent studies where high-band effects can have significant impact on single-particle and many-body properties under large enough SOC [17, 18] , a theoretical framework capable of depicting few-boy processes beyond the single-band approximation [19, 20] is in order.
Here we adopt the Wilson renormalization scheme * liubophy@gmail.com † wyiz@ustc.edu.cn to systematically introduce high-band effects for atoms loaded into a spin-orbit-coupled lattice potential. Using the renormalized single-band Hamiltonian, we investigate the interplay of SOC, lattice potential and high-band effects on the Bloch bound state, i.e., two-body bound states composed of atoms in the lowest Bloch band. In deep lattices, two-body scattering within the lowest band is dominant when the strength of SOC is small compared to the band gap. However, in shallow lattices, highband effects can be strong even under weak SOC, and we find that the contribution of virtual-scattering processes into higher bands give rise to dramatic changes in the binding energy of bound states. We further identify a parameter regime where increasing the lattice depth would destabilize bound states, contrary to the conventional wisdom that adding SOC or lattice potential to attractively interacting fermionic atoms would enhance the formation of bound states. Such an anomaly is due to the competition between SOC and lattice potential, and can be understood by analyzing the low-energy density of states (LDOS) of the system. We then discuss the impact of high-band effects on such abnormal phenomena. Our results systematically reveal the interplay of SOC, lattice potential and high-band effects in twobody processes of fermions in spin-orbit coupled optical lattices, which would form building blocks for future explorations of exotic many-body phenomena, such as the BEC-BCS crossover [21, 22] , in these systems.
Effective model -We consider an attractively interacting two-component ultracold Fermi gas loaded in a cubic optical lattice in the presence of a Weyl-type SOC. The single-particle physics can be described by the fol- lowing Hamiltonian
where the lattice potential
, with V 0 the lattice depth and k L the wavevector of the laser fields. The corresponding lattice constant is defined as a L = π/k L . λp · σ is the threedimensional isotropic Weyl-type SOC and σ x,y,z are the Pauli matrices. In the following, we shall use the recoil energy
2 L as the energy unit, and the lattice depth is characterized by a dimensionless quantity
In order to analyze two-body problems in spin-orbit coupled optical lattices, it is natural to start with the case without SOC, in the basis of Bloch states |n, k, s , where n, k, and s label the band indices, Bloch wave vector within the first Brillouin zone and spin, respectively. SOC couples the Bloch states according to
We focus on the case with weak SOC compared to the band gap of optical lattices without SOC, in contrast to previous studies where the focus has been in regimes with large SOC [17, 18] . Under weak SOC, we neglect interband matrix elements in Eq. (1), while keeping intraband couplings. The single-particle dispersion of Eq. (1) is then
To investigate two-body scatterings for fermions in such a spin-orbit coupled optical lattice, we start from the interacting Hamiltonian
where h 1 , h 2 represent single-particle Hamiltonians of the colliding atoms as shown in Eq. (1). The short-range interaction between fermions of different spin species is captured by U (r) = U 0 δ 3 (r). Here U 0 is the bare interaction strength associated with the effective low-energy scattering length a s via the standard renormalization condition 1
We now evaluate the interaction matrix elements between different Bloch states.
First, we introduce the basis {|m,
Here, α (β) stands for Bloch states in a given spin sector with k z > 0. We then classify interaction matrix elements into the following three different types:
, where s, s refer to opposite spins respectively. The first type describes the scattering within the lowest band, playing the most dominant role in scattering processes. The corresponding matrix elements can be approximated as M U 0 /Ω, where M is determined by the overlap of Bloch states and Ω is the volume. The second type includes the most important scattering processes involving higher bands, which plays the sub-dominant role. The matrix elements can be approximated as U 0 /Ω. The third type describes scattering processes within two different bands and plays a minor role compared to the first two types. We have numerically checked that, whereas the first two types of matrix elements are of the same order of magnitude, the last one is typically smaller than the first two types by three orders of magnitude. To simplify the problem, we thus neglect the third type in the following studies.
The Hamiltonian in Eq. (4) can thus be expressed as 
Here, the basis {|i nk } is defined as {|n, k ↑; n, −k ↑ , |n, k ↑; n, −k ↓ , |n, k ↓; n, −k ↑ , |n, k ↓; n, −k ↓ , k z > 0}, which can be written as {|i nk , i = 1, 2, 3, 4} for convenience.
Effective theory for lowest Bloch band through Wilson Renormalization-To understand the importance of scattering processes involving higher bands, we employ the Wilson renormalization method [23] to construct an effective theory in the lowest Bloch band. The basic idea of such a renormalization procedure is to infer properties of a system, whose description requires a large number of basis functions, by progressively reducing the dimension of the Hilbert space spanned by the preserved basis functions within a certain energy range. For this purpose, we first separate the Hilbert space into two subspaces A and B, which stand for the lowest n = 0 Bloch band and all the other bands with n = 0, respectively. Then the Hamiltonian H in Eq. (4) can be written as follows
The renormalized effective Hamiltonian H eff for the lowest Bloch band, which is entirely in subspace A, can be obtained through the Wilson renormalization method [24] .
Bloch bound state -We are now in position to characterize bound states within the lowest Bloch band and discuss high-band effects. Starting from the renormalized effective Hamiltonian H eff introduced above, we define the Green's function as G = (E − H eff ) −1 . The binding energy E B of the Bloch bound state is obtained from poles of the Green's function defined above, which satisfies [24] 
where
Here, C 1 and C 2 capture contributions to the Bloch bound state arising from the higher n > 0 bands and lowest n = 0 band respectively. A high-energy cutoff Λ * is introduced to facilitate numerical calculations, which does not affect final results. Note that the binding energy E B is defined with respect to twice the minimum of the single-particle energy 2 min(ǫ 0k− ).
In the deep-lattice limit, high-band effects are negligible, and we recover equations for bound states in the absence of SOC by dropping C 1 in Eq. (8) [25, 26] . In contrast, for shallow lattices, both SOC and lattice potential have dramatic impact on the formation of Bloch bound state. As shown in Fig. 1 , we find that in shallow lattices both high-band effects and the intraband scatterings within the lowest band are important. These two kinds of contribution are generally comparable and neither of them can be neglected. This suggests that the simple lowest-band approximation in previous studies [19, 20] need to be improved. Interestingly, we notice that high-band effects, signaled by C 1 , become more significant with decreasing SOC. This is because the minimum of single-particle energy decreases with increasing SOC, in which case shallow bound states are less affected by higher bands.
We numerically solve the binding energy E B from Eq. (8) . As shown in Fig. 2 , we calculate E B as a function of the s-wave scattering length a s for different lattice depths. For a s < 0, there is always a Bloch bound state regardless of the lattice depth. This is quite different from the case without SOC, where a threshold in the lattice depth exists, below which there are no Bloch bound states [25, 26] . In deep lattices [ Fig. 2(b) ], |E B | decreases monotonically with increasing lattice depth at a fixed swave scattering length. In contrast, for a shallow lattice, there is an abnormal competition between SOC and lattice potential. As shown in Fig. 2(a) , for a fixed a s , the binding energy |E B | first increases and then decreases with increasing lattice depth. The competition between SOC and lattice potential in the formation of bound state can be seen more clearly in Fig. 2 (c) , where a threshold lattice depth exists, below which one has to increase the interaction strength to achieve the same binding energy with increasing lattice depth. This indicates destabilization of the bound state by the lattice potential, contrary to the conventional wisdom. Above the threshold, as the lattice depth increases, the same binding energy can be achieved with weaker interaction strength. This is consistent with properties of the bound state in the deep lattice limit, as shown in Fig. 2 (b) and (d) .
Such an anomalous interplay of SOC and lattice potential on the formation of the Bloch bound state can be understood by considering LDOS of a single fermion moving in a spin-orbit coupled optical lattice. Heuristically, the symmetric Weyl-type SOC strongly enhances the LDOS in a three-dimensional uniform system, with the low-energy scaling ∼ 1/ √ ε [27] , where ε is the singleparticle dispersion. Whereas without SOC, the LDOS near the energy minima of the lowest band in a threedimensional cubic lattice has the scaling ∼ √ ε [23] . As the scaling of LDOS is intimately connected with the stabilization of bound states, one may then expect a competition between SOC and lattice potential on the formation of Bloch bound states. The non-monotonic variation of LDOS with increasing lattice depth is confirmed in Fig. 3(a) . We then numerically analyze such a non-monotonic behavior in LDOS using a squre-root-type scaling D 0 √ ε. Importantly, the turning point in the LDOS, as illustrated in Fig. 3(b) , roughly coincides with the threshold lattice depth in Fig. 2(c) . This confirms that the change in LDOS is the main reason behind the anomalous behavior in the bound-state formation. Whereas the variation of LDOS is determined by properties of the lowest band, impact of high-band effects are manifested as the difference in lattice-depth thresholds calculated from a L /a s and from LDOS alone. More explicitly, by comparing Fig. 3(b) and Fig. 2(c) , we find that high-band effects reduce the lattice-depth threshold. When decreasing the strength of SOC, high-band effects are strengthened, which is demonstrated by a larger reduction in the lattice-depth threshold shown in Fig. 4(a)(b) . This suggests that highband effects weaken the competition between SOC and lattice potential, and tend to enlarge the regime where Bloch bound states are stabilized with increasing lattice depth. Discussion and Conclusion -Adopting the Wislon renormalziation scheme, we derive an effective singleband Hamiltonian in the weak-SOC regime, which allows systematic study of few-body physics in spin-orbit coupled lattices where high-band effects can be important. Our construction is quite general and can be systematically extended to study other types of SOC in different dimensions. For example, in three-dimensional cubic lattices under weak two-dimensional Rashba-type SOC, the non-monotonic behavior of LDOS driven by the lattice depth is also found, indicating a similar competition between SOC and lattice potential therein. In contrast, when considering weak one-dimensional SOC, the LDOS would be monotonically enhanced when increasing the lattice depth.
Whereas the impact of high-band effects on the singleparticle properties have already been observed in recent experiments [28, 29] based on a new realization scheme of SOC [30] , the intriguing interplay between SOC, lattice potential and high-band effects can be demonstrated through measuring the binding energy of Bloch bound states. This can be achieved, for example, by measuring the distance between the atomic peak and the onset of the molecular feature in a typical radio-frequency (rf) spectrum [31] or an rf dissociation spectrum [32] .
